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Abstract 



Let p be an irregular prime and K = (Q)(C) the p-cyclotomic field. Let ct be a Q- 
isomorphism of K generating Gal{K/Q). Let S/K be a cyclic unramified extension of 
degree p, defined by S' = K{A'^/p) where A e K\Kp, AZk = with a non-principal 
ideal of Zk, A"~^ e isTP and ^ € Fp. We compute explicitly the decomposition of the 
prime p in the subfields M of S of degree \M : Q] = p. 

1 Introduction 

Let p be an irregular prime and K — the p-cyclotomic field. Let cr be a Q- 

isomorphism of K generating Gal{K/Q). Let S/K be a cyclic unramified extension 
of degree p, defined by S" = K{uj) where uj — A^^p, A is a primitive element of K, 
A G K\KP, AZk = with a non-principal ideal of Z^, A^-^^ e Rp and fj. G Fp. The 
extensions S/K and K/Q are respectively cyclic of degree p and p — 1. At each pth root 
uj of A correspond a subfield M of with degree [M : Q] = p, S/M cyclic and M/Q 
non galois. In this article, we describe completely the decomposition of the prime p in 
the fields extensions {S/K, K/Q) and {S/M, M/Q). 
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2 On Kummer theory 



In this section we recall some definitions and classical properties of the p-cyclotomic 
field. 

2.1 Some definitions and notations 

In this subsection we introduce some definitions and notations on cyclotomic fields, 
p-class group, singular numbers, primary and non-primary, used in this note. 

1. Let p be an odd irregular prime. Let C be a pth primitive root of the unity. Let 
K be the p-cyclotomic field K ^def Q(C) a-^d its ring of integers. Let K'^ 
be the maximal totally real subfield of K, its ring of integers and the 
group of unit of . Let t; be a primitive root mod p and a -.def C ~^ C be a 
Q- automorphism of K. Let G be the Galois group of the extension K/Q. Let Fp 
be the finite field of cardinal p and F* its multiplicative group. Let X = ( — 1 (By 
opposite in this note to the usual notation A = C — !)• The prime ideal of K lying 
over p is IT = XOk- For a € K we adopt the notation a for the complex conjugate 
of a. 

2. Let Cp be the subgroup of exponent p of the of the class group of K (called p-class 
group in this article). 

Cp is the direct sum of r subgroups Fj of order p, each Fj annihilated by a poly- 
nomial a ~ fii e Fp[G] with /x^ S F*, 

Cp = ©LiFi, (1) 

where fi = v"' mod p with a natural integer n, 2 < n < p — 2. 

3. Tp is the rank of Cp seen as a Fp[G']-module. If Tp > then p is irregular. Let /i"*" 
be the class number of . Let C+ be the p-class group of . Let be the 
rank of C+. Then Cp = C+ © C~ where C~ is the relative p-class group, r + > 1 
if and only if = mod p. 

4. A number A G is said singular if v.^{A) — 0, A^/^ ^ K and if there exists 
an ideal a oi K such that AXk = oP ■ Observe that, with this definition, a unit 
rj G with rf-fP ^ is singular. 

5. A number A G if is said semi- primary if VTr{A) = and if there exists a natural 
integer a such that A = a mod tt^. A number A G K is said primary if v„{A) = 
and if there exists a natural integer a such that A = mod w^. Clearly a primary 
number is semi- primary. A number A K is said hyper-prim,ary if Vt^{A) = and 
if there exists a natural integer a such that A = mod tt'^^^ . 

2.2 Some preliminciry results 

In this section we recall some classical properties of singular numbers (given for instance 
in Queme [6] in theorems 2.4 p. 4, 2.7 p. 7 and 3.1 p. 9). Let F be one of the r subgroups 
Fj of order p of Cp defined in relation (1). 
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1. If Tp > and T C Cp : then there exist singular semi-primary integers A with 
AZk = aP where o is a non-principal ideal of Zk verifying simultaneously 

Cl{a) e r, Cl{a''-^) = 1, 
a{A) =A^' xaP, F;, a € K, 



_ (2) 
2 ' 

^2m+i \A-aP, a e N, 1 < a < p - 1. 



H = v'^"'+^ mod p, meN, 1 < m < 



In that case we say that A is a negative singular integer to point out the fact that 
Cl{a) G C~. Moreover, this number A verifies 

AxA^DP, (3) 

for some integer D G . 

(a) Either A is singular non-primary with 7]-2m+i || A — a^. 

(b) Or A is singular primary with tt^ | A — a^. In that case we know by reflection 
from class field theory that r+ > 0. 

(see for instance Qucmc [6] theorem 2.4 p. 4). 
2. If fjj" > and T C Cp'. then there exist singular semi-primary integers A with 
AZk = 0.P where a is a non-principal ideal of and verifying simultaneously 

Cl{a) e r, ciia'"-") = 1, 

a{A) ^A^'xaP, fi € F;, a K, 

fjL = v^"^ mod p, meZ, l<m< ^ > 

TT^"^ I A - af , o e Z, 1 < a < p - 1, 

In that case we say that A is a positive singular integer to point out the fact that 
Cl{a) G C+. Moreover, this integer A verifies 

= =0", (5) 

for some number D G K. If /;,+ = mod p, it is important to note that D ^ 
1, D G K\K^ is possible, for instance when a = q, with q prime ideal of Zk, 
CZ(q) € Cp and q = I mod p (from Kummer, the prime q= I mod p generates 

the class group of K). 

(a) Either A is singiilar non- primary with tt^"^ || A — aP . 

(b) Or A is singular primary with t^p \ A — aP. 
(see for instance [6] theorem 2.7 p. 7). 



_„.2m P-3 (4) 
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3 Singular extensions 



We introduce a terminology used in this note: 

1. In this section, let us fix F one of the r subgroups of order p of Cp defined by 
relation (1). Let A be a singular semi-primary integer, negative or positive, ver- 
ifying respectively the relations (2) or (4). Without loss of generality we assume 
in the sequel that A = 1 mod tt^ because if A ^ 1 mod we can replace A by 
A' = AP-K Let us define 

S ^def Q(Al/f). 

The singular integer A € K, so the absolute degree [5 : Q] is p x deg{A) dividing 
p{p — 1) where deg{A) is the degree of the minimal polynomial of the algebraic 
integer A. In the sequel, we consider the only cases where A is of degree p—1 (or 

a primitive element of K). 

We call S/K a singular extension. The singular extension S/K is negative or 
positive depending on whether A is a negative or positive singular number. From 
Kummer theory S/K is a. cyclic extension of degree p and S/Q is a Galois non- 
abelian extension of degree {p — l)p)- 

2. A singular extension S = K{A^^'') is said primary or non-primary depending on 
whether the singular number A is primary or non-primary. From Hilbert class 
field theory, if S is primary, the extension S/K is the cyclic unramified extension 
of degree p corresponding to the cyclic group F defined in relation (1) p. 2. 
Observe that if A is singular primary then S/K is unramified and the principal 
ideal n of K splits totally in S/ K from principal ideal theorem which implies that 
A is singular hyperprimary. 



4 Singular Q-fields 

Let A be a semi-primary singular integer, negative (see definition (2)), positive (see 
definition (4)). Let w be a pth root of A 



OJ :- 



A^Ip. (6) 



Then S/K = K{oj)/K is the corresponding singular if -extension. Observe that this 
definition implies that w G Z5 ring of integers of S. 

Lemma 4.1. Suppose that S/K is a singular primary extension. Let 6 : co ^ u)( be 

a K -isomorphism of the field S. There are p prim,e ideals of Zs lying over n. There 
exists a prime ideal ttq ofZs lying over n such that the p prime ideals 7r„ = 0"{Tro), n = 
0, . . . , p — 1 ofZs lying over w verify the congruences 

^0 I w - 1, 

7r„ II w - 1, ...,n = l,...,p-l. 

Proof. 
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1. From Hilbert class field theory and Principal Ideal Theorem, the prime principal 

ideal TT oi K splits totally in the unramified cyclic extension S/K. It follows that 
TT^+^IIA — 1 (see for instance Ribenboim [7] case III p. 168). 

2. Then oj^ — 1 = mod 7r^'+^. Let 6 : oj oo^ he a, Jr- automorphism of the field S. 
Let n be any of the p prime ideals of Z5 lying over tt. Then ttZ^ = Y[^=o ^'(n) 
where 0'(ll), l = 0,...,p-l arc the p prime ideals of Zs lying over tt. 

3. From A = l mod tt^"*"^ we see that 

p— 1 p— 1 

LjP-l = Y[{i^C - 1) = mod Yl 6''(n)P+^ 
j=o 1=0 

It follows that there exists at least one i such that — 1 = mod 11^. There 
exists only one such i if not, from coC —1 = mod 11^ , we should have C~C =0 
mod Therefore w-1 = mod 6»-'(n). The theorem follows with ttq = e-'{Il). 

□ 

Lemma 4.2. Suppose that S/K is a singular non primary extension. Then n ramifies 
in S/K and 11 | w — 1 where U is the prime of S lying over tt. 

Proof. 

1. Show that the extension S/K is ramified at tt: S/K is unramified at all the primes 
except p because A is singular, tt does not splits in S/K, if not S/K should be a 
singular primary extension, tt is not inert in S/K, if not we should have w = 1 
mod TT so A = 1 mod tt^ and S/K should be primary, therefore tt ramifies in S/ K 
and ttZs = IP. 

2. A = l mod TT, thus w = 1 mod 11. 

□ 

There are p different automorphisms of the field S extending the Q-automorphism a 
of the field K, we will fix one of them. 

Lemma 4.3. There exists one and only one automorphism of S/Q extending a such 
that 

u"'^-'' = 1 mod TT^. (8) 

Proof. 

From a{A) = A^a^ there exist p different automorphisms (J(^), w = 0, . . . ,p — 1, oi the 
field S extending the Q-isomorphism a of the field K, defined by 

a^^){w) = uj^aC, (9) 

for natural numbers w = 0,1, . . . ,p — 1. There exists one and only one w such that 
a X is a semi-primary number (or a x = 1 mod tt^). Let us set cr^ = (T(^) to 
emphasize the role of ji. Therefore we get 

tT^(u;) = w'' mod tt^ (10) 
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□ 

In the sequel, without loss of generality, we fix the semi-primary number a G K such 
that 

c7^M=w''a. (11) 
Lemma 4.4. aj[^^{uj) — uj. 

Proof. We have a^~^(A) = A, therefore there exists a natural integer wi such that 
crP~^(w) = w X ^'"1. We have proved in relation (10) that 

a^(w) = w'' mod 7r^ (12) 

thus aP~^{uj) = uj^" ^ = cj X A^^^" = u) mod tt^ which implies that w\=0 because 

A is semi-primary. Therefore ~ lj. □ 

Let us define f2 e Z5 ring of integers of S by the relation 

p-2 

f7 = ^a;(a;). (13) 

i=0 

Theorem 4.5. M = Q(Q) is a field with [M :Q]=p, [S : M]=p-1 and a^{Q) = O. 
Proof. 

1. Show that il 7^ 0: li S/K is unramified, then a; = 1 mod tt implies with definition 
of f2 that = p — 1 mod tt and so J7 ^ 0. If S/K is ramified, then w = 1 mod 11 
implies with definition of that = p — 1 mod 11 because crju(n) = 11 and so 
0^0. 

2. Show that O ^ ii': from cr^(w) = w'*Q; we get 

p-2 
i=0 

with Pi € fC. Putting together terms of same degree we get = Ij^'' where 

7j G iiT are not all null because 7^ 0. VI G K should imply the polynomial 
equation Y^=i '^^ x 7^ — 7 = with 'y G K, not possible because the minimal 
polynomial equation of cj with coefficients in K is co^ — Ap~^ = 0. 

3. Show that M = Q{n) verifies M C S with [M : Q] = p and [S" : M] = p - 1: 
is a Galois extension with [5 : Q] = (p — l)p. Let Gs be the Galois group of , 
Let < ajj, > he the subgroup of Gs generated by the automorphism G Gs- We 
have seen in lemma 4.4 that aP~^{u!) ~ uj. In the other hand o'fi~^{C) = C ^^^^ 
(tJJ(C) 7^ C for n < p — 1 and so < > is of order p — 1. 
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4. From fundamental theorem of Galois theory, there is a fixed field M = S'^'^^'■^ with 
[M : Q] = [Gs :< (Jfj, >] = p. From (Tp(ri) = seen and from definition relation 
(13) it follows that e M and from Q. ^ K it follows that M = Q{n). Thus 
S = M{Q and co € S can be written 

p-2 

oj = ^WjA', LOi e M. (14) 

i=0 

with A = C — 1 and with ^^{uji) = coi because cr^(f^) = fi. 

□ 

Some definitions: The field M C S* is called a singular Q-field. A singular Q-field 
M is said primary (respectively non-primary) if S* is a singular primary (respectively 
non-primary) extension. 

5 The decomposition of the prime p in the singular 
primary Q-fields 

This section deals with the decomposition of the prime p in the singular primary Q-fields 
M. In that case recall that S/K is a cyclic unramified extension of degree p and there 
are p prime ideals in S/ K over tt 

Observe that the case of singular non-primary Q-fields can easily be described. The 
extension S/K is fully ramified at tt, so pl^s = 77^^^"^^ Therefore there is only one 
prime ideal p of M ramified with pZjvf = p^- 

Recall that 6 is the if-isomorphism 9 : oj ^ uj( oi S and that tt splits totally in S/ K 
with TTi = ^'(tto) for i = 0, . . . ,p — 1. 

Lemma 5.1. cr^(7ro) = ttq 

Proof. From relation (12) o"^(w) = w'* mod tt^. Prom lemma 4.1, w = 1 mod ttq and so 
fTju(a;) = ijO^ = 1 mod ttq. Then uj = 1 mod (7~^(7ro)^. If o'~^(7ro) ^ ttq it follows that 
a; = 1 mod ttq x cr~^(7rg), which contradicts lemma 4.1. □ 

Lemma 5.2. Let -Kk = ^'^(ttq) for any fcsN, l<fc<p— 1. T/ien cr^(7rfc) = 7r„^ wii/i 

n/c e N, rik = k X vn'^ mod p. 

Proof. 

1. From ttq | u; — 1, it follows that 
Then 

<7^(7rfe)2 I (7^(0;) X - 1. 
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2. We have (Tfi{'jTk) = i^k+ik for some Zfe G N depending on k. Prom relation (12) we 
know that = w** mod tt^. Therefore 

^l+i, |a;''xr'=-l. 

3. In an other part by the ii"- automorphism ^'=+''= of S we have 

^l+i, I ^ X C'=+''= - 1, 

so 

7r^+;, I K X C''^'+''=^ - !)• 

4. Therefore 7r^_^;^ | (^^(C*^ - and so 

5. This imphes that ii{k + Zfe) — ufc = mod p, so /xZ/j + k{ii — v) = Q mod p and finally 
that 

lk = kx - — — mod p, 



where we know that v — /j. ^ mod p from Stickelberger relation. Then n/j = 

□ 



A; + A; X ^^—^ = fc x - mod p, which achieves the proof. 



Lemma 5.3. 

1. If S/K is a singular primary negative extension then cr^^ ^^^^{nk) = TTfc. 

2. If S/K is a singular primary positive extension then cr^^~^^^^(7rfc) = 7r„_fc. 

Proof From lemma 5.2 we have a^r^'^''^{-Kk) = T^k' with fc' = fc?;(P-i)/2/i-(p-i)/2 
mod p. If S'/ii' is negative then i!(p^i)/2pt-(p~i)/2 = i mod p and if S/K is positive 
or unit then ti(P^i)/2^-(p-i)/2 = _i mod p and the result follows. □ 

Lemma 5.4. Tfte length of the orbit of the action of the group < > on ttq is 1 and 
the length of the orbit of the action of the group < > on -Ki, i = 1,. . . ,p — 1 is d 
where d is the order of mod p. 

Proof. For ttq see lemma 5.1. For tt^ see lemma 5.2: <J^{'nk) — ^'^(^"fe) with rik = 
viJL~^ mod p, then 0-2(77^) = (^nii^nk^) with rik^ = kv'^fi~'^ mod p and finally n/j^ = 
k mod p. □ 

The only prime ideals of M/Q ramified are lying over p. The prime ideal of K over 
p is TT. To avoid cumbersome notations, the prime ideals of S over tt are noted here 
n or Hi = 0'(no), j = 1, . . . ,p — 1, and the prime ideals of M over p are noted ^ or 
j = 0, . . . , where + 1 is the number of such ideals. 
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Theorem 5.5. Let d be the order ofvfx~^ mod p. There are ^^ + 1 prime ideals in the 
singular primary Q,- field M lying over p. Their prime decomposition and ramification 
is: 

1. e(*Po/pZ) = 1. 

2. e(q5j /pZ) = d for all j = 1,...,^ with d>l. 
Proof. 

1. preparation of the proof 

(a) The inertial degrees verifies /(tt/^Z) = 1 and /(II/Tr) = 1 and so /(II/pZ) 

I . Therefore, from multiphcativity of degrees in extensions, it follows that 
fiV/pZ) = /(n/^P) = 1 where U is lying over ^. 

(b) e(7r/pZ) = p — 1 and e(n/7r) = 1 and so e(n/pZ) = p — 1. 

(c) Classically, we get 

J2e{Vj/pZ)=p, (15) 
j=o 

where v+l is the number of prime ideals of M lying over p and where e{^j/pZ) 
are ramification indices dividing p—1 because, from multiphcativity of degrees 
in extensions, e{Il/^j) x e(*Pj/pZ) = p — 1. 

2. Proof 

(a) The extension S/M is Galois of degree p — 1, therefore the number n<p of prime 

ideals IT of Z5 lying over one *p of Zm is nqj = e(-n7q?) ~ s(*P/-P^)- 

(b) Let c(n) be the orbit of 11 under the action of the group < cr^ > of cardinal 
p — 1 seen in lemma 5.4. If 11 = ttq then the orbit Cn is of length 1. If IT 7^ ttq 
then the orbit Cn is of length d. If Cn has one ideal lying over Cp then it has 
all its d ideals lying over *p because crfi{^) = This can be extended to all 
n' lying over *p with Cn' / Cn and it follows that when 11 ^ ttq then 

d I nqj = e{^/pZ). (16) 

There is one with nsp = e(^/pZ) = 1 because Ct^^ is the only orbit with 
one element. 

(c) The extension S/M is cyclic of degree p—1. There exists one field N with 
M C N C S with degree [N : M] = If there were at least two different 
prime ideals ^[ and of N lying over <P it should follow that ^'2 = 

for some j, 1 < j < , because the Galois group of S/M is < > and the 
Galois group of N/M is < cr^ >. But, if a prime ideal tt^ of S lies over ^[ 
then (jjfiTTk) should lie over From lemma 5.4, cr^(7rfe) = tt^ should imply 
that ^2 = *Pi , contradiction. Therefore the only possibility is that *p is fully 
ramified in N/M and thus ^On = q3'(P-i)/'^. Therefore e^i' /^i) = ^ and 
so e(<P7pZ) = e(q}/pZ) x £^ | p - 1 and thus 

e{^/pZ) I d. 
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Prom previous result (16) it follows that ei^/pL) = d. Then d > 1 because 
fx — V ^ mod p from Stickclbcrgcr theorem. There are + 1 prime ideals 
*Pj because, from relation (15) p = 1 + Y^"i=i ^iVi/p'^) = 1 + x d. 

□ 

Example: let us consider the case of prime numbers p with 2zi prime. 

1. Singular primary negative Q- fields 

Here /x^^"^)/^ = —1 modp and d e {2, ^^,p—l}. Straightforwardly, the case d = 2 
is not possible: /U^ = v"^ mod p, then fj, + v = mod p because fi ^ v mod p, then 
^(p-i)/2 + y{p-i)/-2 ^ mod p, contradiction because ^(P-i)/^ w(p-i)/2 = -1. 

= p — 1 is not possible because /x^^"^)/^ — w(p~i)/2 = o mod p. Therefore 
d = so the ramification of p in the singular Q-field M is e(*Po/p^) = 1 and 
e{Vi/pZ) = e(q32/pZ) = 

2. Singular primary positive Q- fields 

Here fi^P-'^^/'^ = 1 modpandd G {2, ^,p~l}. The case d = 2 : fj.'^-v'^ = modp 
then n + v = mod p so = modp, so i?(p+i)/2 = mod p where -B(p+i)/2 

is a Bernoulli Number. The case d = is not possible because /x^^"^^/^ = 1 modp 
and = —1 mod p. The case d = p — 1 is possible, so the ramification of p 

in the singular Q-field M is 

(a) either e(q3o/pZ) = 1 and e{^i/pZ) = 2 for i = 1, . . . , 2zi and B(p+i)/2 = 
mod p. 

(b) or e(q3o/pZ) = 1 and e(q3i/pZ) = p - 1. 
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